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Abstract 

In a previous paper [27] . we have applied Alexandrov geometry meth- 
ods to study infinite semiplanar graphs with nonnegative combinatorial 
curvature. We [27] proved the weak relative volume comparison and the 
Poincare inequality on these graphs to obtain a dimension estimate for 
polynomial growth harmonic functions which is asymptotically quadratic 
in the growth rate. In the present paper, instead of using volume com- 
parison on the graph, we translate the problem to a polygonal surface by 
filling polygons into the graph with edge lengths 1. This polygonal surface 
then is an Alexandrov space of nonnegative curvature. On this Alexan- 
drov space, we then obtain the optimal dimension estimate for polynomial 
growth harmonic functions on the graphs. The estimate is linear in the 
growth rate. From a harmonic function on the graph, we construct a 
function on the corresponding Alexandrov surface that is not necessarily 
harmonic, but satisfies crucial estimates. Finally, a combinatorial argu- 
ment controls the maximal facial degree of the polygonal surface. 



1 Introduction 

This paper is the second one in a series studying geometric analysis aspects of 
infinite graphs with nonnegative curvature. We refine the argument in Hua-Jost- 
Liu [37] and introduce a new observation to obtain the asymptotically optimal 
dimension estimate of the space of polynomial growth harmonic functions on 
such graphs. 

In 1975, Yau [5D] proved the Liouville theorem for harmonic functions on 
Riemannian manifolds with nonnegative Ricci curvature. Soon after Cheng- 
Yau [5] obtained the gradient estimate for positive harmonic functions which 
implies that sublinear growth harmonic functions on these manifolds are con- 
stant. Then Yau [5TJ [52] conjectured that the space of polynomial growth har- 
monic functions with growth rate less than or equal to d on Riemannian man- 
ifolds with nonnegative Ricci curvature is of finite dimension. Li- Tarn |38] and 
Donnelly-Fefferman [IS] independently solved the conjecture for 2-dimensional 
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manifolds. Then Colding-Minicozzi [TU1 EJ [T2] gave the affirmative answer for 
any dimension by using the volume comparison property and the Poincare in- 
equality. Later, Li |36] and Colding-Minicozzi |13| simplified the proof by the 
mean value inequality. The dimension estimates in |121 1131 136j are asymptot- 
ically optimal. In the wake of this result, many generalizations on manifolds 
HH ED |H H2 IH ED 133 and on singular spaces QH GH followed. 
In this paper, we obtain the optimal dimension estimate which is linear in d 
rather than quadratic in d as in [27] . 

Let us now describe the results in more details. The combinatorial curvature 
for planar graphs was introduced by [44] [211 [28] an d studied by many authors [23l 
Ei[lJj[i[5l[4a[43[3l[l[30l[3ll[32]. Let G = (^, £, F) be a (called semiplanar) 
graph embedded in a 2-manifold such that each face is homeomorphic to a closed 
disk with finite edges as the boundary. Let S(G) be the regular polygonal surface 
obtained by assigning length one to every edge and filling regular polygons in 
the faces of G. The combinatorial curvature at the vertex x is defined as 



where d x is the degree of the vertex x, deg(cr) is the degree of the face a, and the 
sum is taken over all faces incident to x (i.e. x € a). The idea of this definition 
is to measure the difference of 2tt and the total angle Y, x at the vertex x on the 
regular polygonal surface S{G) equipped with a metric structure obtained from 
replacing each face of G with a regular polygon of side length one and gluing 
them along the common edges. That is, 



It was proved in [27] that G has nonnegative combinatorial curvature everywhere 
if and only if the corresponding regular polygonal surface S(G) is an Alexandrov 
space with nonnegative sectional curvature, i.e. SecS(G) > (or SecG > for 
short). This class of graphs includes all regular tilings of the plane (see [2"2"] ) 
and more general graphs (see [51l2"7p. 

For the basic facts of Alexandrov spaces, readers are referred to [T]. 
In this paper, we only consider 2-dimensional Alexandrov spaces with non- 
negative curvature (in particular convex surfaces). Let G be a semiplanar 
graph with SecG > 0, then X := S(G) is a 2-dimensional Alexandrov space 
with nonnegative curvature. We denote by d the intrinsic metric on X, by 
Br{p) ■— {x € X | d(x,p) < R} the closed geodesic ball on X, and by 
\Br(p)\ := H 2 (Bfs(p)) the volume of Br(p), i.e. 2-dimensional Hausdorff mea- 
sure of Br(p), for some p € X, R > 0. The well known Bishop-Gromov volume 
comparison holds on X (see [T]) that for any p € X, < r < R, we have 



We call (jl.ip the relative volume comparison and (|1.2p the volume doubling 
property. The Poincare inequality was proved in [341 |25j on Alexandrov spaces. 
For any p € X, R > and any Lipschitz function u on X, 




2tt$(x) = 2tt - £ 




(1.1) 



\B 2R (p)\<4\B R (p)\, 



(1.2) 




(1.3) 
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where Ub r = rg~j^\\ Ib r (p) u ' an< ^ \^ u \ ^ s ^ ne a - e - defined norm of the gradient 
of u. 

It has been shown in 27 that G inherits some geometric estimates from 
those of X := S(G). For any p G G and i? > 0, we denote by d G the distance on 
the graph G, by B^(p) ={ieG: c? G (p, < -R} the closed geodesic ball on G 
and by \B^(p)\ := X^e-Bg(p) ^ tne volume of B^(p). Let D := denote the 
maximal degree of the faces in G, i.e. Z) := Dq := sup CTgF deg(cr) which is hnite 
by [B] ■ Then the weak relative volume comparison (|1.4j) and the volume doubling 
property (|1.5[) were obtained in [37] for SecG > 0. For any p £ G, < r < i?, 



|S 2 G «(p)l<^)|Sf(p)|, (1.5) 

where C{D) are constants only depending on D. The Poincare inequality on G 
was also obtained in [27J. There exist two constants C(D) and G such that for 
any p <E G, R > 0, f : B°, R (p) -t E, we have 

E (m-fBnfdvKCip)!? E (/(x) - /(y)) 2 , (1.6) 

where / Br = | 5 J (p) | Z^eBg(p) f( x )d x , and x ~ y means that x and y are 
neighbors in G. 

A function / on G is called discrete harmonic (see (201 IT51 15]) if for Vx G G, 



Let G be a semiplanar graph with nonnegative curvature and H d (G) := {u : 
G -> II | Lit = 0, |u(x)| < C(d G (p,x) + l) d } which is the space of polyno- 
mial growth harmonic functions with growth rate less than or equal to d on 
G. For a Riemannian manifold M, let H d (M) := {u : M -> E | A M « = 
0, |u(x)| < C(d(p,x) + l) d }- In Riemannian case, Colding-Minicozzi [TT] used 
the volume doubling property (|1.2p and the Poincare inequality (| 1 .3[) to con- 
clude the finite dimensionality of the space of polynomial growth harmonic func- 
tions H d (M) and get a rough dimension estimate. Then Colding-Minicozzi [12] 
used the relative volume comparison and the Poincare inequality to obtain the 
asymptotically optimal dimension estimate, i.e. dim H d (M) < C(n)d n , for 
d > 1, RicM™ > 0. Li [55] and Colding-Minicozzi [TSJ obtained the opti- 
mal dimension estimate by the mean value inequality. In the graph case, the 
volume doubling property (11.51) and the Poincare inequality (I1.6P imply that 
dim H d (G) < C(D)d v{D) where C{D) and v(D) depending on the maximal 
facial degree D (see [H]). Hua-Jost-Liu [37] used the weak relative volume 
comparison (ll.4[) to obtain the estimate dim_ff d (G) < C(D)d 2 . It is obviously 
not optimal. But it is hard to obtain the optimal dimension estimate on the 
graph G since the constant! C(D) in the weak relative volume comparison (II. 4[) 
may not be close to 1. 

Here comes the key observation. Since the relative volume comparison (II. ip 
on X is as nice as in the case of Riemannian manifolds, we do the dimension 
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estimate argument for H d (G) on X. For any (discrete) harmonic function / 
on G, we extend it to a function / defined on X with controlled behavior (see 
(|3.3p(|3.4p ). But in general, the extended function / may not be harmonic on 
X anymore, nor will f 2 be subharmonic. However, since the original harmonic 
function / satisfies the mean value inequality on G (see Lemma 13. 2[) , the ex- 
tended function / satisfies the mean value inequality in the large. 

Theorem 1.1 (Mean value inequality on X). Let G be a semiplanar graph 
with SecG > 0. Then there exist constants R\(D), C2(D) such that for any 
p G X, R > R\(D) and any harmonic function f on G we have 

P{p) < rj^r I P- (1.7) 
\ B R{P)\ Jb r ( p ) 

Let P d {X) := {u : X -> R \ \u{x)\ < C{d{p,x) + l) d } denote the space of 
polynomial growth functions on X with growth rate less than or equal to d. 
Since the extending map 

E : H d (G) -► P d (X), = /, (1.8) 

is an injective linear operator, it suffices to get the dimension estimate for the 
image E{H d {G)). Combining the relative volume comparison (jl.ll) and the mean 
value inequality (|1.7I) . we obtain the optimal dimension estimate for E(H d (G)). 

Although we have to pay for extending map E by the loss of harmonicity, 
it preserves the mean value property which is sufficient for our application. 
We adopt the argument of the mean value inequality (see [313 133 H3J) to get 
optimal dimension estimate. In addition, by the special structure of the graph 
with SecG > and D > 43, we [37] obtained that for any d > 0, 

dim H d (G) = 1, 

which implies the final theorem of the paper. 

Theorem 1.2. Let G be a semiplanar graph with SecG > 0. Then for any 
d>l, 

dim H d (G) < Cd, 
where C is an absolute constant. 

From a superficial glance, it might look as if polynomial growth harmonic 
functions on Riemannian manifolds (continuous objects) and those on graphs 
(discrete ones) are very similar and might succumb to an analogous treatment. 
While our work is indeed inspired by certain analogies, there are also some im- 
portant differences which necessitate new ideas which we now wish to summa- 
rize. Firstly, the unique continuation property for (discrete) harmonic functions 
on graphs fails, leaving us with the problem of verifying the inner product prop- 
erty of the bilinear form L 2 (Br) on H d {G) where Br is the geodesic ball of 
radius R in a graph G (see (|4.ip ). We use a lemma in [53] (see Lemma [4.11 in 
this paper) to overcome this difficulty. Secondly, the constant C{D) in the rela- 
tive volume comparison (ll.4j) on semiplanar graphs with nonnegative curvature 
is not necessarily close to 1. Even on manifolds, it is still an open problem to 
obtain the optimal dimension estimate by using (|1.4[) and (ll.6[) . In this paper, 
we find an argument which transforms the discrete harmonic functions on the 
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scmiplanar graph G with nonnegative curvature to functions on the polygonal 
surface S(G) that satisfy the mean value inequality. This crucial step enables 
us to transfer the argument to S(G) where we have a nice volume comparison 
(ll.lj) and to obtain the optimal dimension estimate of H d (G). Thirdly, the 
combinatorial obstruction for semiplanar graphs with a large face (i.e. D > 43) 
makes the dimension estimate independent of the parameter D. 

2 Preliminaries and Notations 

We recall the definition of semiplanar graphs in [27] . 

Definition 2.1. A graph G — (V, E) is called semiplanar if it can be embedded 
into a connected 2-manifold S without self-intersections of edges and such that 
each face is homeomorphic to the closed disk with finite edges as the boundary. 

Let G = (V, E, F) denote the semiplanar graph with the set of vertices, V, 
edges, E and faces, F. Edges and faces are regarded as closed subsets of S, 
and two objects from V,E,F are called incident if one is a proper subset of the 
other. We always assume that the surface S has no boundary and the graph 
G is a simple graph, i.e. without loops and multi-edges. We denote by d x the 
degree of the vertex x £ G and by deg(c) the degree of the face a £ F, i.e. 
the number of edges incident to a. Further, we assume that 3 < d x < oo and 

3 < deg(cr) < oo for each vertex x and face a, which means that G is a locally 
finite graph. For each semiplanar graph G = (V, E, F), there is a unique metric 
space, denoted by S(G), which is obtained from replacing each face of G by a 
regular polygon of side length one with the same facial degree and gluing the 
faces along the common edges in S. S(G) is called the regular polygonal surface 
of the semiplanar graph G. 

For a semiplanar graph G, the combinatorial curvature at each vertex x £ G 
is defined as 



where the sum is taken over all the faces incident to x. In this paper, we only 
consider semiplanar graphs with nonnegative combinatorial curvature. It was 
proved in |27) that a semiplanar graph G has nonnegative combinatorial curva- 
ture everywhere if and only if the regular polygonal surface S(G) is an Alexan- 
drov space with nonnegative curvature, denoted by SecG > or SecS'(G) > 0. 

For Alexandrov spaces and Alexandrov geometry, readers are referred to 
[3J[T]. A curve 7 in a metric space (X,d) is a continuous map 7 : [a,b] — > X. 
The length of a curve 7 is defined as 

L{i) = sup I Y] d(7(y»-i)i l(Vi)) '■ an y partition a = y a < y x < . . . < y N = &| . 

A curve 7 is called rectifiable if £(7) < 00. Given x, y £ X, denote by T(x,y) 
the set of rectifiable curves joining x and y. A metric space (X, d) is called 
a length space if d(x,y) = inf 76 r( !C ,2 / ){i(7)}, for any x, y £ X, where d is 
called the intrinsic metric on X. A curve 7 : [a, b] — > X is called a geodesic if 
d(j(a), 7(b)) = L(j). It is always true by the definition of the length of a curve 
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that d(7(a),7(6)) < L(j). A geodesic is a shortest curve (or shortest path) 
joining the two end points. A geodesic space is a length space (X, d) satisfying 
that for any x, y G X, there is a geodesic joining x and y. 

Denote by LI K , k G R the model space which is a 2-dimensional, simply 
connected space form of constant curvature K. Typical ones are 

R 2 , k = 
n K = <( S\ k = 1 . 
H 2 , « = -l 

In a geodesic space {X, d), we denote by ^ xy one of the geodesies joining x and 
y, for x,y E X. Given three points x,y,z G X, denote by A xyz the geodesic 
triangle with edges ~f X yi lyz^ 7zx- There exists a unique (up to an isometry) 
geodesic triangle, A xyz , in H K (d(x,y) + d(y,z) + d(z,x) < ^= if k > 0) such 
that d(x,y) = d(x,y),d{y,z) = d(y,z) and d(z,x) = d{z,x). We call A 2 ^ 2 the 
comparison triangle in LI K . 

Definition 2.2. A complete geodesic space (X,d) is called an Alexandrov space 
with sectional curvature bounded below by n (SecX > k for short) if for any 
p G X, there exists a neighborhood U p of p such that for any x,y,z € U p , any 
geodesic triangle A xyz , and any w € J yz) letting w € jyz be in the comparison 
triangle A xyS in II K satisfying d{y, w) — d{y, w) and d(w, z) = d(w, z), we have 

d(x, w) > d(x, w). 

In other words, an Alexandrov space (X, d) is a geodesic space which locally 
satisfies the Toponogov triangle comparison theorem for the sectional curvature. 
It was proved in [2] that the Hausdorff dimension of an Alexandrov space (X, d) , 
dim// (A), is an integer or infinity. In this paper, we only consider 2-dimensional 
Alexandrov spaces with Sec A > 0. 

Let G be a semiplanar graph with nonnegative combinatorial curvature. Let 
X := S(G) be the regular polygonal surface of G with the intrinsic metric d. 
Then Sec A > 0. Let Br(p) denote the closed geodesic ball centered at p e X 
of radius R > 0, i.e. B R (p) = {x G A : d(p,x) < R}, \B R (p)\ := H 2 (B R {p)) 
denote the volume of B R (p), i.e. 2-dimensional Hausdorff measure of B R (p). The 
well known Bishop- Gromov volume comparison theorem holds on Alexandrov 
spaces pp. 

Lemma 2.3. Let (A, d) be an 2-dimensional Alexandrov space with nonnegative 
curvature, i.e. SecX > 0. Then for any p G A, < r < R, it holds that 

\B R (P)\<(R\\ 



\Br(p)\ 

\B 2R (p)\<4\B R (p)\. (2.2) 

We call (12.11) the relative volume comparison and (|2.2I) the volume doubling 
property. 

For any precompact domain C A, we denote by Lip(Q) the set of Lipschitz 
functions on f2. For any / G Lip(d), the W 1 ' 2 norm of / is defined as 



f+ / |V/| 5 
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The W 12 space on ft, denoted by W 12 (£l), is the completion of Lip(Q) with 
respect to the W 1,2 norm. A function / 6 W,'(X) if for any precompact 
domain f2 CC X, f\n € W^ 1,2 (fi). The Poincare inequality was proved in 

[32 ES|. 

Lemma 2.4. Lei (X,d) be an 2- dimensional Alexandrov space with SecX > 
and u G W/ 'c C^O' i/ien 

\u-u Br \ 2 <C(n)R 2 f |V«| 2 , (2.3) 

B R (p) JB R (p) 

where ub„ — rs-h m fn / \ u - 

DR \Br(p)\ JBr(p) 

Let G — (V, E, F) be a semiplanar graph with nonnegative combinatorial 
curvature and X := S(G) be the regular polygonal surface of G. Then it is 
straightforward that 3 < d x < 6 for Vx £ G, i.e. G has bounded degree. We 
denote by D := Dq := sup{deg(er) : a £ F} the maximal degree of faces in 
G, which is a very important parameter in our discussion (it is finite by Gauss- 
Bonnet formula in [TTJIS])- For any x,y £ G, they are called neighbors, denoted 
by x ~ y, if there is an edge in E connecting x and y. There is a natural metric 
on the graph G, d G (x,y) := infjfc : 3x — xq ~ ■ ■ • ~ = y}, i.e. the length 
of the shortest path connecting x and y by assigning each edge the length one. 
Lemma 3.1 in |27j implies that the two metrics, d G and d, on G are bi-Lipschitz 
equivalent, i.e. there exists a universal constant G such that for any x, y € G 

Gd G (z,y)<d(z,y)<d G (z,2/). (2.4) 

For any p€G and i? > 0, we denote by B%(p) = {ieG: d G (p, a;) < R} the 
closed geodesic ball in the graph G, by \B R (p)\ :— J2xeB R (p) d x the volume of 
Bft(p), and by (JS^(p) the number of vertices in the closed geodesic ball B R (p). 
Since 3 < (ic < 6 for any x £ G, |£?^(p)| and t(B^(p) are equivalent up to a 
constant, i.e. 3)JBg(p) < |-Bg(p)| < 6$B%(p), for any p £ G and i? > 0. The 
following volume comparison on G was proved in [27 by the relative volume 
comparison (|2.1I) on X. 

Lemma 2.5. Lef G = (V,E,F) be a semiplanar graph with SecG > 0. Then 
there exists a constant C(D) depending on D, such that for any p £ G and 
< r < R, we have 



\B$ R {p)\<C{D)\B%(p)\. (2.6) 

We call (|2.5[) the weak relative volume comparison and (|2.6[) the volume 
doubling property on G. The Poincare inequality on G was also obtained in |27j 
by the Poincare inequality (|2.3p . 



Lemma 2.6. Let G be a semiplanar graph with SecG > 0. Then there exist 
two constants C(D) and C such that for any p £ G, R > 0, / : B G R (p) — > R, 
we have 

E {f{x)-f B c?d x <C{D)R 2 E (/W"/(y)) 2 . (2-7) 

xGBg(p) x,yeBg R (p);x~y 

where f B a = E*esg( P ) 
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3 Mean Value Inequality 



In this section, we extend each harmonic function on the semiplanar graph 
G with nonnegative combinatorial curvature to a function on X :— S(G) which 
is almost harmonic in the sense that it satisfies the mean value inequality on X. 

For any f2 C G and x £ G, we define d G (x,n) := mi{d G (x,y) | y £ fi}. We 
denote dft :— {x £ G | d(x, 51) = 1} and Q := fi U Oft. The function / is called 
harmonic on £1 if / : ti — > R satisfies 



for any x £ fl, where L is called the Laplacian operator. 

Since the volume doubling property (12.61) and the Poincare inequality (I2.7[) 
are obtained on the semiplanar graph with nonnegative combinatorial curvature, 
the Moser iteration can be carried out (see [TBI 124) ). 

Lemma 3.1 (Harnack inequality). Let G be a semiplanar graph with SecG > 0. 
Then there exist constants C\{D) and Ci(D) such that for any p £ G, R > 1 
and any positive harmonic function f on B G iR (p) we have 

max / < C2 min /. (3-1) 

Sg(p) " -Bg(p) 

The mean value inequality is one part of the Moser iteration (see also |14j). 

Lemma 3.2 (Mean value inequality on graphs). Let G be a semiplanar graph 
with SecG > 0. Then there exist two constants C\(D) and C2{D) such that for 
any R > 0,p £ G, any harmonic function f on B G iR (p), we have 

f2{p) -wo%)\ £ f{x)d - (3 - 2) 

In the following process, we extend each function defined on G to the function 
/ defined on X :— S(G) with controlled behavior. Let / be a function on G, 
/ : G — > R, Gi be the 1-dimensional simplicial complex of G by assigning each 
edge the length one. Step one is the linear interpolation, i.e. / is extended to 
a piecewise linear function on G±, f\ : G\ — > R. In step two, we extend /1 to a 
function defined on each face of G. For any regular n-polygon A n of side length 
one, there is a bi-Lipschitz map 

L n . A„ — > B Tri , 

where B Tn is the circumscribed circle of A„ of radius r n = 2=i ^ a „ (for a n = -^). 

Without loss of generality, we may assume that the origin 0= (0,0) of It 2 is 
the barycenter of A n , the point (x, y) — (r n ,0) £ R 2 is a vertex of A n , and 
B rn = B\r n (q). Then in polar coordinates, L n reads 

L n : A„ 3 (r, 9) ^ {p, rj) £ B Tri (o), 

where for 9 £ [ja n , (j + l)a n ], j = 0, 1, • • • , n - 1, 

C _ rcos(9-(2j + l)^f ) 
< P COS 
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It maps the boundary of A n to the boundary of B rri (o). Direct calculation 
shows that L n is a bi-Lipschitz map, i.e. for any x, y G A„ we have C\\x — y\ < 
\L n x — L n y\ < Ci\x — y\, where C± and Ci do not depend on n. Then for any 
er € F, we denote a := A„ where n := dcg(cr). Let g : B rn (o) — ► R satisfy the 
following boundary value problem 



A<? = 0, in B Tn (o) 

3las r „(o) = h°L 



(3-3) 



where £> rn (o) is the open disk. Then we define / : X — > R as 

/| CT = 9 oi n , (3.4) 
for any er € F. It is easy to see that / is continuous function (actually it is in 

We improve the estimates in to control the behavior of /. Let JBi be the 
closed unit disk in R 2 . For completeness, we give the proof here. 

Lemma 3.3. For any Lipschitz function h : dB\ — > R, let g : B\ —¥ R satisfy 
the following boundary value problem 

Ag = 0, in B x 
g\dBi = h 



Th 



en we nave 



f |V. 9 | 2 < I 

J Bi JOB! 



h 2 <C{e) / g 2 +e 

J B 1 JdB 1 



where hg — e is small 



Proof. Let i swne ( f _ x o ...) be the orthonormal basis of 

L 2 (dBi). Then ft, : — > R can be represented in L 2 {dB\) by 

, . 1 / cos nO sinn£ 

/i(0) = a -= + ^ I a™^^- + &n^=" 



/2tt 

2— 1 



So the harmonic function g with boundary value h is 

, 1 ( „ cos n# , sin n# 

#(r,0) = a ^= + ) v a n r™ — =- + 6„r™^^- 
V27T V VT 



Since = 0, we have Ag 2 = 2|Vg| 2 , then 

f \Vg\ 2 = \\ Ag 2 = \ f 

J Bi ^ J Bl 2 Jg Bl 

which follows from integration by parts. So that 



d_l_ 

dr ' 



/ |V 5 | 2 = / gg r = Y, n ( a n + b D 

JBi JdB t n=1 
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In addition, 



p oo 
JdB 1 n=1 



Hence, 

/ |V. 9 | 2 < f h 2 e . (3.5) 

J Bi JdBi 

The second part of the theorem follows from an integration by parts and the 
Holder inequality. 

h 2 = / {h 2 x) ■ x = [ V • {g 2 x) 

dB 1 JdB x JBx 

g 2 + 2 / gVg ■ x 
J B ± 

< 2 1 g 2 + 2([ g 2 )H[ |V 5 | 2 )^ (by \x\ < 1) 



B± J B± J B± 

2 



< C(e) [ g 2 + e f \Vgf 

J Bi JBx 

< C(e) [ g 2 + e [ h 2 . (by (£3) 

JBi JdBx 



□ 



Note that for the semiplanar graph G with nonnegative curvature and any 
face cr = A„ of G, we have 3 < n < D, 4= < r n = -X, < = C(D). 

n ' — — ' — n sin ^ — 2 sin ^ / 

Then the scaled version of Lemma 13.31 reads 



Lemma 3.4. For 3 < n < -D, and any Lipschitz function h : dB rn — > R, 
we denote by g the harmonic function satisfying the Dirichlet boundary value 
problem 

f Ag = 0, m B rii 
I g\dB rn = h 

Then it holds that 

[ h 2 <C(D,e)[ g 2 + C(D)e[ h 2 T , (3.6) 

JdB r „ JB rn JdB rn 

where e is small, T = -p-de is the unit tangent vector on the boundary dB Tn and 
hx is the directional derivative of h in T. 

The following lemma follows from the bi-Lipschitz property of the map L n : 

Lemma 3.5. Let G be a semiplanar graph with SecG > and a :— A„. Then 
we have 

E f 2 (y)< c f A 2 < C ( D ) [ f- ( 3 - 7 ) 
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Proof. By the bi-Lipschitz property of L n and the inequality Q3.6p . we have 

fl < C(D, e) f j 2 + C(D)e f (/i)| n , (3.8) 

<9A„ JA„ JdA„ 

where T n is the unit tangent vector on the boundary dA n . Let e C A„ be an 
edge with two incident vertices, u and v. By linear interpolation, we have 

p = |V(u) + (1 - t)f{v)fdt = i(/(u) 2 + /(«)/(«) + /(«) 2 ), 
hence 



-(/(u) 2 + f{vY) < I ft < -{f{uY + f(vY). (3.9) 



In addition, 



(fi)k = (/(«) - /M) 2 < 2(/H 2 + /( V ) 2 ). (3.10) 
Hence, by (JEJ) flSjJ]) and (j3~TU| . we have 

/ P<C(D,e)[ f 2 + 12C(D)e[ f\. (3.11) 

By setting e = 24075)' P-^P ancl P-Hjl implies that 

£ / 2 (y) ^ c / A 2 < c(£>) / 7 2 - 



yeOA„nG 



□ 



Let G — (V 7 E,F) be a semiplanar graph with SecG > 0. For any pel, 
there exists a face a € F such that p € cr. For any vertex q G cr n G, we have 
d(p,g) < G 3 (D), since diamcr < C 3 (D) for deg(cr) < D. Note that 3 < d x < 6, 
for any x € G. 

Lemma 3.6. Let G be a semiplanar graph with SecG > 0. Then there exists a 
constant C(D) such that for any p £ X, q € G on same /ace, we have 

\B r ,{p)\<C{D)\B?{q)\, (3.12) 

where r > 2C ^p) , r' — Cr — 2Cs(D), and C is the constant in ^-4\ )- 

Proof. Let r 1 = Cr - 2C 3 (D) > 0, p e cr e F and q € cr . Wc denote W r > := 
{cr <E F I ern-B r <(p) ^ 0} and := [j aeW , cr. It is obvious that B r ,(jp) C W^7. 
For any vertex x € HV n G, there exists a face <j\ € Wr' such that x € cri, so 
that 

d(q,x) < d(p,x) + d(p,q) 

< r' + diamcri + diamcr < r' + 2C 3 (D) 
= Cr 
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Hence by (j2.4[) we have d G (q,x) < r which implies that 

W^CiG c B G (q). (3.13) 
Since 3 < deg(er) < D, \a\ := H 2 (a) < C(D). Then 

\B r >(p)\ < \W\ = ^ W\ < C{D)$Wr, (3-14) 

where t)W r ' is the number of faces in W r i . Moreover, 

ZWv < ^deg(a)< ^ d x < 6fl(W^ n G), (3.15) 

where jt(W r ' fl G) is number of vertices in W r < n G. Hence the lemma follows 
from (ljl4ll (l3~T5l) and (l3~13l) . 

|Br'(p)| < C(D)|tWH < Cp)B(HVnG) < C(C)Hi? r G (g) < C(D)\B G (q)\. 

□ 

Now we can prove the mean value inequality for the extended function / 
defined on X := S(G) for some harmonic function / on G. 

Proof of Theorem ll.li For any p G X, there exists a face A„ such that p G A„. 
Then by the construction of / (see (13.31) (|3.4p ). there exists a vertex q e dA n (lG 
such that 

7 2 (p) < / 2 (<z) 



where the last inequality follows from the mean value inequality (J3T2J) for har- 
monic functions on the graph G. 
By (|3.12p in Lemma [ 



\B^ R {q)\>C{D)\B Tl {p)\, 
where r' = CC X R - 2C 3 (D) > C{D)R, if R > R^D). Hence 

> C\B CR (p)\ 



> C\B 2ClR (p)\, (3.17) 



the last inequality follows from the relative volume comparison (|2.1[) on X . 

Let Wr := {a € F \ anB G iR (q) £ 0} and Wr. := LUw R For an y ^ € Wr, 
there exist a face <7\ £ Wr such that x £ o\ and a vertex z £ B G R (q) n <7i. 
Then by 

d(q, x) < d(q, z) + d(z, x) < d G (q, z) + diamai < C%R + C 3 (D). 

Hence 

Wr C B ClR+C3{D) (q) C B ClR+2C3{D) (p) C B 2Ci r(p) 
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if R > R 2 (D). By (j3~TrJl) and (j3~T7| . we obtain 

C 2 

\B 2 c lR (p)\ 



|-B 2 dil(p)| 



* ttct E E / 2 <») 

< °1 V [ p 

- \B2cM\^J. 

< ° 2 f p, 

\B 2Ci r(p)\ Jb 2Ci r(p) 

if R > R 2 (D), where the last second inequality follows from p.7p in Lemma 1331 
Then the theorem follows by setting the new Ri(D) := 2C\ max{i?i(D), R 2 (D)}. 

□ 



4 Optimal Dimension Estimate 

In this section, we estimate the dimension of the space of polynomial growth 
harmonic functions on a semiplanar graph with nonnegative combinatorial cur- 
vature. 

Let G be a semiplanar graph with SecG > 0. For some fixed p € G, we 
denote by H d (G) := {u : G -> R | Lu = 0, \u(x)\ < C{d G {p, x) + l) d } the space 
of polynomial growth harmonic functions on G with growth rate less than or 
equal to d. By the method of Colding-Minicozzi, the volume doubling property 
(j^BJ and the Poincare inequality (J^TTJ) imply that dim H d (G) < C{D)d v ( D) for 
d > 1, where C(D) and v(D) are constants depending on the maximal facial 
degree D of G. Hua-Jost-Liu 27J used the weak relative volume comparison (|2.5[) 
on the graph G and the Poincare inequality to obtain the dimension estimate 
dim H d (G) < Cd 2 . But the optimal dimension estimate is linear in d as in the 
Riemannian case (see [HI US [36]). On the graph G, it is hard to obtain a 
nice relative volume comparison. But on the Alexandrov space X := S(G), 
the relative volume comparison (|2.1[) follows from the Bishop-Gromov volume 
comparison theorem. To obtain the asymptotically optimal dimension estimate, 
we argue on the Alexandrov space X instead of G. 

We denote by P d {X) := {u : X -> E | \u{x)\ < C{d(p,x) + l) d } the space 
of polynomial growth functions on X with growth rate less than or equal to d. 
For any harmonic function on G, we extend it to the function / defined on X 
in the process of (|3.3[) and Q3.4p which establishes a map 

E : H d (G) -> P d (X), 

f^Ef = f. 

It is easy to see that E is an injective linear operator. Hence it suffices to get the 
dimension estimate of the image E(H d (G)). By the relative volume comparison 
(|2.1[) on X and the mean value inequality (|1.7[) for each function in E(H d (G)), 
we obtain the optimal dimension estimate (see [551 13T1 IT31 l2l)] ). 
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Lemma 4.1. For any finite dimensional subspace K C E(H d (G)), there exists 
a constant R$(K) depending on K such that for any R > Rq(K), 

A r (u,v) = uv (4.1) 

Jb r ( p ) 

is an inner product on K. 

Lemma 4.2. Let G be a semiplanar graph with SecG > 0, K be a k- dimensional 
subspace of E(H d (G)). Given (3 > 1,6 > 0, for any R\ > Rq(K) there exists 
R > R\ such that if {ui}^ =1 is an orthonormal basis of K with respect to the 
inner product A^r, then 

J2A R ( Ul ,u t )>kr {2d+2+5) - 
i=i 

The following lemma follows from the mean value inequality (|1.7[) for the 
extended functions. 

Lemma 4.3. Let G be a semiplanar graph with SecG > 0, K be a k-dimensional 
subspace of E(H d (G)). Then there exists a constant C{D) such that for any fixed 
< e < \, any basis of K, {^}^ =1 , R > R 2 (D,e), where eR 2 > Ri(D) (R^D) 
is the constant in Theorem ] 1 . 1)) we have 

Y\A R {ui,Ui) <C(D)e- 1 sup f u 2 , 

i= l ue<A,U> J B (1+e)R (p) 

where < A,U >:= {w = Yli=i a i u i '■ ^2i=i a i = !}■ 

Proof. For any x G Br(p), we set K x = {u G K : u(x) = 0}. It is easy to see 
that dim K/K x < 1. Hence there exists an orthonormal linear transformation 
(/) : K — > K, which maps {ui]^ =1 to {vi}f =1 such that Vi G K x , for i > 2. For any 
x G Br{p), since eR > eR 2 > Ri, then (1 + e)R — r(x) > R\ for r(x) — d(p, x). 
Hence the mean value inequality (jl.7p implies that for any x E Bji{p) 

i=l 

< 
< 

For simplicity, denote V p (t) = |-B*(p)| and A p (t) = \dB t (p)\. 
By the relative volume comparison (I2.1j) . we have 

VM + <)R-r(z)) > ( {1 + f-^ )'v,m > ( C + ^-W )V p(fl) . 

Hence, substituting it into (|4.2[) and integrating over B R (p), we have 

S^/ <<Vm SUP / u ' [ ^ + ^-R- 1 r( X ))- 2 dx 

Jb r (p) V p {H) ue{A,U) J B (1+e)R (p) ^S fl (p) 

(4.3) 



C(D)|B( 1+e ) J i_ r(a .)(a;)|" 



(l + e )H-r-(a;) 



0*0 



CCD^i+^^aOr 1 sup / w 2 . (4.2) 
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Define /(*) = (1 + e - R-H)- 2 , then f'{t) = |(1 + e- R-H)- 3 > 0, 

/ /(r(x))dz = [* f(t)A p (t)dt. 
Jb r ( p ) Jo 

Since = a.e., we integrate by parts and obtain 

r f(t)A P (t)dt = f(t)v P (t) i* - [ R v P (t)f(t)dt. 

Jo Jo 
Noting that / (t) > and the relative volume comparison (I2.1|) . we have 



vjnfuuii > I i\fu),ii 



^{t 2 f(t) |«-2 / t/(t)dt} 



Therefore 



^Sfl(p) u Jo 



'B fl (p) 

Combining this with (|4.3p . we prove the lemma. 



□ 



Proof of Theorem \1.2[ For any k— dimensional subspace K C E(H d (G)), we 
set (3 = 1 + e, for fixed small e. By Lemma 14.21 there exists infinitely many 
R > Rq(K) such that for any orthonormal basis {ui}\ =1 of K with respect to 
A(i+e)R, we have 

J2A R ( Ui , Ui )>k(l + e)-(- 2d+2+5 l 
Lemma 14.31 implies that 

k 

Y,A R ( Ui , Ui ) <C{D)e-\ 

i=l 

Setting e = A, and letting i5->0, we obtain 

i \ -1 / j \ 2d+2+<5 



k ^ c ^{Yd) V + Td) < 4 - 4 > 

By g31) and Theorem 1.4 in 27 that dim H d (G) = 1 for any SecG > 0, 
D > 43 and d > 0, we obtain 

dim H d {G) < Cd. 

□ 
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At the end, we use the Harnack inequality (|3.ip in Lemma 13.11 to prove 
Nayar's theorem gg. We denote by fff(G) := {u : G -> M | = 0, u(x) > 
—C(d G (p,x) + l) d } the set of one-side bounded polynomial growth harmonic 
functions with growth rate less than or equal to d. This is not a linear space, 
but the linear span of H+(G), denoted by SpaniJ^(G), trivially contains H d (G). 
The following corollary implies that they are equal. 

Corollary 4.4. Let G be a semiplanar graph with SecG > 0. Then 

Spani^(G) = H d (G) 

which implies that 

dimSpaaff£(G) < Cd, 

for d>l. 

Proof. It suffices to show H d {G) C H d {G). For any / <= H d {G), there exists a 
constant C such that f(x) > —C(d(p, x) + l) d . We need to prove that fix) < 
C{d(p,x) + l) d , for some C. For simplicity, we assume f(p) — 0. Let C\{D) 
be the constant for the Harnack inequality in the Lemma 13.11 Then for any 
x 6 Bft(p), R > 0, it is easy to see that B^ iR (x) C B^ Ci+l ^ R {p). Moreover 

f(y) > -C(d(p, y) + l) d > + 1)R + l) d > -CR d , 

for y e Bf Ci+1)R {p), R > Ri(D). That is f(y) + CR d > on B§ iR (x). The 
Harnack inequality (|3.1j) implies that 

/(a;) + C*i? d < G(/(p) + CR d ) = CR d . 

Then we have 

f(x) < CR d , 

for x 6 B R (p), R > Ri(D). Hence there exists a constant C such that f(x) < 
C{d(p,x) + l) d . □ 
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